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Abstract. Say that a separable, unital C*-algebra V ^ C is strongly self- 
absorbing if there exists an isomorphism ip : T> — ► T> ® T> such that tp and 
id-p ® Id are approximately unitarily equivalent *-homomorphisms. We study 
this class of algebras, which includes the Cuntz algebras O2, Ooo, the UHF 
algebras of infinite type, the Jiang-Su algebra Z and tensor products of Ooo 
with UHF algebras of infinite type. Given a strongly self-absorbing C*-algebra 
T> we characterise when a separable C*-algebra absorbs T> tensorially (i.e., is 
©-stable), and prove closure properties for the class of separable D-stable C*- 
algebras. Finally, we compute the possible K-groups and prove a number of 
classification results which suggest that the examples listed above are the only 
strongly self-absorbing C*-algebras. 



0. Introduction 

Elliott's program to classify nuclear C* -algebras via K-theoretic invariants (see [7J 
for an introductory overview) has met with considerable success since his seminal 
classification of approximately finite-dimensional (AF) algebras via the scaled or- 
dered Ko-group An exhaustive list of the contributions to this pursuit would 
be prohibitively long, but salient works include [%]. [TH]. [T7j. [T3 ] . |2T ] . |23 ] . and 
|24j . A great variety of C*-algebras are studied by these authors, and, despite their 
apparent differences, all of them have been classified by K-theoretic invariants. 

Upon studying the literature related to Elliott's program, one finds that certain 
C*-algebras have been starting points for major stages of the classification pro- 
gram: UHF algebras in the stably finite case, and the Cuntz algebras in the purely 
infinite case. One can safely say that, among the Cuntz algebras, O2 and Ooo stand 
out; they are cornerstones of the Kirchberg-Phillips classification of simple purely 
infinite C*-algebras and of Kirchberg's classification of non-simple 02-absorbing 
C*-algebras (in the case where said algebras satisfy the Universal Coefficients The- 
orem). There is evidence that the Jiang-Su algebra Z, which has recently come to 
the fore of the classification program, plays a role in the stably finite case similar 
to that of Ooo in the purely infinite case (cf. [32], [37| and |43j ) . 
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One might reasonably ask whether there is an abstract property which singles 
these algebras out from among their peers. UHF algebras (at least those of infinite 
type), 02, Coo and Z are all isomorphic to their tensor squares in a strong sense; 
for each algebra T> from this list there exists an isomorphism tp :T> — > T> ®T> such 
that ip and idp ® lp are approximately unitarily equivalent *-homomorphisms. In 
the sequel we refer to such algebras as strongly self- absorbing whenever they are 
separable, unital, and not isomorphic to the complex numbers. Studying strongly 
self- absorbing C*-algebras in the abstract, one finds that the flip automorphisms on 
their tensor squares are approximately inner, whence they are simple and nuclear 
by results of (Sj- Moreover, they are either purely infinite or stably finite with 
unique trace (by results of Kirchberg, Blackadar and Handelman, and Haagerup). 
For a strongly self-absorbing C*-algebra T>, we say that a second C*-algebra A 
is 2?-stablc if the tensor product A <E> T> is isomorphic to A. Extending results of 
Kirchberg (cf. [2U|). we establish permanence properties for the class of P-stable 
C*-algebras under operations such as taking inductive limits, passing to quotients, 
hereditary subalgebras and ideals, and forming extensions (see also |14j for results 
on crossed product C*-algebras). 

On the other hand, we consider questions relating to the classification program. 
We establish classification results for certain strongly self-absorbing C*-algebras; 
there is evidence that the examples of said algebras presented in the sequel are the 
only such. A complete classification of the purely infinite strongly self-absorbing 
C*-algebras (satisfying the UCT) is given; here it turns out that the only examples 
are C2, Coo and tensor products of O m with UHF algebras of infinte type. Strongly 
self- absorbing inductive limits of recursive subhomogeneous algebras are shown to 
have the property of slow dimension growth in the sense of Phillips ([HI). As a 
corollary, we show that these are either projectionless or UHF algebras of infinite 
type. Similarly, we conclude that the latter are the only strongly self-absorbing AH 
algebras and, in fact, the only locally type I strongly self-absorbing C*-algebras of 
real rank zero. In subsequent work we will pay special attention to the Jiang-Su 
algebra Z, and the class of Z-stable C*-algebras f |37|1. 

We wish to point out that our approach to some extent follows the lines of 0, 
in which Effros and Rosenberg studied C*-algebras with approximately inner flip. 
They derived abstract properties (such as nuclearity and simplicity) as well as classi- 
fication results, namely, they showed that the only AF algebras with approximately 
inner flip are the matroid ones (or UHF algebras, in the unital case). At that time 
these were the only known examples of such C*-algebras. 

Acknowledgements. We would like to thank George Elliott for suggesting the study 
of general self-absorbing C*-algebras, and Eberhard Kirchberg and Mikael R0rdam 
for many inspiring discussions. We are also indebted to the referee for a number of 
helpful comments. 



1. Strongly self- absorbing C*-algebras 

A C*-algebra is usually referred to as being self-absorbing if it is isomorphic to 
its tensor product with itself. In general this statement requires specification of 
a particular tensor product. Since we are mostly interested in the nuclear case, 
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there will be no loss in generality if we consider only minimal C*-algebraic tensor 
products. 

Self-absorbing C*-algebras can be easily constructed: If A is any nuclear and 
unital C* -algebra, let A® °° denote the C*-limit of the inductive system 

{A® n Ad A ® n ® l A )nen- 

It is not hard to see that A® 00 is self-absorbing. Repeating this process will not 
yield anything new; we have (A® 00 )® 00 ^ A® 00 . 

The examples that motivated this article fsee !1.14jl are self-absorbing in a much 
stronger sense. In this section, we describe the concept of being strongly self- 
absorbing and a number of characterisations and structural properties. First, we 
recall the notion of and some well-known facts about approximate unitary equiva- 
lence. 

1.1 Definition: For i = 1,2, let tpi : A — > B be a c.p.c. map between separable 
C* -algebras. We say ipi and <p>2 are approximately unitarily (a.u.) equivalent, 
<Pl ~a.u. <fi2, if there is a sequence (v n )iq of unitaries in the multiplier algebra 
M(B) such that \\v^ipi(a)v n - ^2(0)]] ™— ^ Va G A. 

1.2 Proposition: Let A, B, C and D be separable C* -algebras, C and D unital. 
Suppose p : A — » B, a, /?, 7 : B — > C, and ip : C — > D are *-homomorphisms, ip 
unital. 

(i) If a ~ a .u. and [3 ~ a .u. 7, then a ~ a .u. 7- In other words, approximate 
unitary equivalence is a transitive relation. 

(ii) // a ~ a .u. (3, then ip ct ~ a .u. ip (3 and a o p « a . u . (3 a tp. 

(hi) Suppose a and (3 are pointwise limits of sequences of *-homomorphisms 
a n , j3 n : B — > C, respectively. If (3 n for each n G N, then a « a . u . [3. 

1.3 Definition: Let V be a separable unital C* -algebra. 

(i) By the flip on the minimal tensor product D®T> we mean the automorphism 
o-d ofV®V given by av(a £3> b) :— b <g> a, a, b G V. 

(ii) T> is said to have approximately inner flip, if o~t> is approximately unitarily 
equivalent to the identity map, i.e., o~t> ~a.u. idr>®r>- 

(iii) T> is said to have approximately inner half flip, if the two natural inclusions 
of T> into T> ®T> as the first and second factor, respectively, are approxi- 
mately unitarily equivalent, i.e., idp ® ~L~p ~a.u. Ip ® idp. 

(iv) T> is strongly self- absorbing, ifD^C and there is an isomorphism ip : T> — > 
D ®T> satisfying tp « a . u . idp ® 

1.4 Remark: In Definition II . 3f iv^) we could as well have asked for an isomorphism 
ip : T> — > V (g) T> satisfying ip ~ a .u. 1-p <E> id-p. Both definitions are equivalent, since, 
given tp, we may choose ip := o~t> <p and vice versa. 

1.5 The preceding remark shows that Definition ll.3f ivl is in fact symmetric, al- 
though it is not stated this way. Even more is true: In Corollary II. Ill it will turn 
out that strongly self-absorbing C*-algebras have approximately inner flip. As a 
first step, we show that they have approximately inner half flip, from which already 
follows that <ps and op, o p are approximately unitarily equivalent. 
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Proposition: If T> is separable, unital and strongly self-absorbing, then V has 
approximately inner half flip. 

Proof: Suppose that ip : T> — > V <g> V is an isomorphism such that 

f «a. u . idp ® Id ■ 
Define a unital *-homomorphism ip : T> — > V by 

ip := ip^ 1 o (Id ® idp) . 

Note that 

Id ® idr> = (£> o o (Id <g> idp) 

= Lp O ifl 

«a.u. (idx> ® lx>) ° ?/> 
= i/) (g) ; 
from Proposition II . 2\ \\) we also see that 

idx> (8 Id = od ° (Id <8> idu) 

«a.u. e>D O (t/) (g) lp) 

We now proceed to obtain 

V ) ®lx> = (idx> O o (g> lv ® Id) 

« a .u. (idp ® tp -1 ) o (l c ® id c (g> l c ) 

~ a .u. (idD ® <^~ 1 ) ° (Id ® Id <& -0) 

~a.u. (idD ® y -1 ) ° (idD 8) Id <8 Id) 

= id c ® Id • 

By transitivity of approximate unitary equivalence we thus have 

Id <8> idD «a.u. idD <8 Id ■ 

I 

1.6 Before continuing our analysis of strongly self-absorbing C*-algebras, we recall 
an important structure result about C* -algebras with approximately inner half 
flips. In the case where T> has approximately inner flip the statement was already 
observed in 0. In the form we state below, the result was shown in [2"T] . 

Theorem: // a separable unital C* -algebra T> has approximately inner half flip, 
it is simple and nuclear. 

1.7 The following result provides a first instance why strongly self-absorbing C*- 
algebras play an important role in the classification program. 

Theorem: A separable unital strongly self-absorbing C* -algebra T> is either purely 
infinite or stably finite with a unigue tracial state. 

Proof: The fact that V = V ® T> is either stably finite or purely infinite is due 
to Kirchberg (cf. [HOj, Theorem 4.1.10). That V admits a tracial state follows from 
results of Blackadar, Handelman and of Haagerup (cf. [HOj, Theorem 1.1.4). The 
tracial state has to be unique by (literally the same proof as that of) [S] , Proposition 
2.10; the argument applies since T> has approximately inner half flip. | 

1.8 Proposition: IfT> and £ are separable unital C* -algebras both with approxi- 
mately inner (half) flips, then T> ® E also has approximately inner (half) flip. IfT> 
and £ are strongly self-absorbing, then so is T> ® £. 
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Proof: When T> and £ have approximately inner flips, this was shown in 0, 
Corollary 2.4 (to Lemma 2.3). In the case of approximately inner half flips, the 
same proof applies almost verbatim, only replacing the identy maps and the flip 
automorphisms on T>® T> and £ ®£ by the appropriate canonical unital embeddings 
of V and £ into V®V and £®£, respectively. The last statement is proved similarly. 

I 

1.9 Proposition: Suppose T> is separable and unital and T> has approximately 
inner half flip. Then: 

(i) 2?®°° has approximately inner flip. 

(ii) X>®°° is strongly self-absorbing. 

(hi) There is a sequence of *-homomorphisms 

(^„ :2?® 00 ®I?® 00 ->2?®°°)„ eN 

satisfying 

\\ip n {d®l v ^) - d\\ ™ Vd G v®°° . 

Proof: (i) By the definition of 2?®°° as an inductive limit it clearly suffices to 
show that, for k G N, we have 

Afc « a .u. Afc o a-ptsk , 

where X k : V® k ® V® k -> V® 2k ® V® 2k is given by 

Afe = (id-p®fc (g 1-r)S> k ) ® (id-p®fc (g) lp®fc) 

and o~D®k is the flip on £>® fe ® 2? 55fe . 

We denote the embedding of P 0fe into (D®*)® 4 as the z-th factor by if. Then, 
we define *-homomorphisms 

t m . ( P ®fe)®2 ^ (P ®fe^4 ; i ^ j g {1, . . . , 4} , 

by 

4 ij) b® fc ®i D8fc = iW and 4 lj) li I30fc 8X'®'= = lU) ■ 

Note that t£'^ is well-defined this way, since iM(X>® fe ) and S^{V® k ) commute. 
Identifying 2?® 2 fc ® 2? <8>2fe with (;£>«* )® 4 in the obvious way, with these definitions 
we have 

\ (1,3) i \ (3,1) 

Afe = i k and Afe o a v csk = i\ . 

Now let i,j,l £ {1,...,4} be pairwise distinct. By Proposition 11.81 T>® k has 
approximately inner half flip, so there is a sequence (v m )meN of unitaries in V® k <g 
V® k intertwining the two canonical embeddings of V® k into V® k <g> D® fe . But 
then (4f ( v m))meN C (D® fc )® 4 is a sequence of unitaries intertwining ijjf and 4 ; 
the L.^' l \v m ) commute with L^(T>® k ), whence they even intertwine 4 and 4* ■ 
Therefore we have 

and, similarly, 
In particular we obtain 



,<W) _ ,W) 

t-fe ~a.u. <-fe 



,(«) 



,(i,i) 



J a.u. '-fe 



,(1,2) ~ ( ( 3 , 2 ) ~ 
-'a.u. kjt; ~a.u. ''t ~a.u. ^t. 



(3,1) 
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and, by transitivity of a.u. equivalence, 

\ (1,3) _ (3,1) \ 

M = ife ~a.u. L k = Afc O a v <g,k . 

(ii) For k £ N define *-homomorphisms a k ■ T^® k — > p® fe+1 by 

a k = id-p®)= (g> lx> ■ 

Then we have 

X>®°° =lim(D® fe ,a i: ), 

but we also obtain 

(1) V®°° ®V® X = \\m{V® k ®V® k ,a k ®a k ) 
and 

(2) = lim(P® 2fc , a 2fe+1 o a 2k ) . 
Next, define isomorphisms 

by 

V'aCoi ® &i ® ■ ■ ■ ® a fe ® fefc) = ai <8> . . . <g> a,t ® 6i ® . . . ® b k ■ 

We have 

ipk+i ° «2fc+l o a2k = (otk ® «fe) o ^fe , 
so, by O, J2J and the universal property of inductive limits, we see that the ip k 
induce a *-homomorphism 

ip : V®°° -> X>®°° (8) X>®°° . 
Since each ^ is an isomorphism, so is ip. 
We want to prove that ip ~ a .u. idx>®oo ® lp®oo . Since 

and 

p»oo = iim(x>®2"' )idi((82m ^ lp82m ) ( 

it will be enough to show that 

^fe ipk ° (idp®*: ® lp®*) ~ a .u. Afc o (idp^fc (g) Ip®*) 

for any k € N (in fact, it would suffice to show the above for each k € {2 m | m £ N}). 
First, define *-homomorphisms 

/3 fe : (£>® fc ) 4 -► (V® k ) 4 

by 

/3fe := idp®*; <£) (7- D 0k <E> id-p®fc . 
Then, again identifying V mk ® V® 2k with (X»® fe )® 4 , for t = 1,2 we obtain *- 
homomorphisms 

(3 k o (ip k (8) id P ® 2 .) o t « : P® fc P® 2fe ® V® 2k ■ 
one easily checks that 

flk o (t/'fc ® id p ®2fc) o = Afe o ip k o (id c «fc ® 

and 

(3) (2") 

/9fc ° (V»fc <& idx>®2fc) o 6 fc = t fe . 
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Since ~ a .u. i>u \ by Proposition II . 2f ii) we have 

Afc o ip k o (idx>®fc <8> lu®*) = /9fc ° (^fc <8>idx)®2fc) o 

~a.u. /3fe O (^ fc (g> idp02fc )oiJ ; ' 
~a.u. t>fc 

= Afe o (id-p®fc lixafe) • 
(iii) If (m„)n C 2?®°° is a sequence of unitaries such that 

IKV(d)«« - d ® 1j>«- II Vd G - 

then 

||V _1 (un(d® lu8»)<) - d|| Vd 6 2?®°° . 
Therefore, we may define the *-homomorphisms <p n by 

y„(di <g> da) := V> _1 (w„(di <8> d 2 )<) , di,d 2 € V®°° . 

I 

1.10 Proposition: Let T> be a separable united C* -algebra such that T> has ap- 
proximately inner half flip. Then T> is strongly self-absorbing iff one of the following 
equivalent conditions holds: 

(i) There exists a unital *-homomorphism 7 : T> ® T> — > T> which satisfies 
7 o (idp <g> lx>) « a .u. id-p. 

(ii) There are a unital *-homomorphism 7 : T> ® T> — > T> and an approximately 
central sequence of unital endomorphisms ofT>. 

(iii) There exists an approximately central sequence of unital *-homomorphisms 

(iv) There exists an isomorphism T> — v 2?®°°. 

Proof: If D is strongly self-absorbing, there are an isomorphism ip : V — » 2? <g> 2? 
and a sequence of unitaries (u„)n <ZT) ®T> such that 

||u>(d)u„ - d® lull ™ Vd e 2?. 

Set 7 := </? _1 , then (7(u„))n C 2? is a sequence of unitaries satisfying 

|| 7 «)d 7 K) - 7 (d ® ip)|| Vd e p , 

so (i) holds. 

(i) => (ii): Let (v n )fi C T> be & sequence of unitaries such that 

||< 7 (d ® l v )v n - d\\ "=5° Vd e P . 
Define *-homomorphisms <p n : T> — > 2? by 

V?„(d) := <7(lp ® d)u„ ; 
it then follows from [ip n (di), u*7(d 2 <8> lv)v n ] — that 

||[^(di),d 2 ] "=S?0Vd 1 ,d 2 eP. 

(ii) =>■ (iii): It obviously suffices to construct a unital *-homomorphism 
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For k e N, define unital *-homomorphisms 7* : V® k+1 — > V® k by 

7fe := idptsfc-i (8 7 

and tp k : V® k -v 23 by 

Va- := 71 o • • • o 7 fc+1 o (idp«fe ® 1^02) . 

We now have 

ipk = 71 • • ■ 7fc+i 7fc+2 (id v ®k ® lx>»3) = V'fc+i (idx>®fc ® lp) , 

from which follows that the ipk induce a (unital) *-homomorphism ip : 2?®°° — > 2?. 

(hi) =>■ (iv): By Proposition ll.9l 2?®°° is strongly self-absorbing, and it follows from 
[3"U| . Theorem 7.2.2 (cf. also Theorem|Obelow) that 23 D®!?® 00 . We obtain an 
isomorphism 23® 23® 00 = 23®°° from the right shift of the inductive system defining 

Finally if 23 = 23®°°, then 23 is strongly self-absorbing by Proposition II. 91 | 

1.11 Corollary: IfD is separable, unital and strongly self-absorbing, then 23 = 
pg>fc ^ 23® 00 Jor an?/ fc € N and 23 has approximately inner flip. 

Proof: That 23 = 23® fe for any k is trivial; the other statements simply summarize 
Oft ) and PUT iv). I 

1.12 COROLLARY: Let A and 23 be separable unital C* -algebras, with 23 strongly 
self-absorbing. Then, any two unital *-homomorphisms a, [3 : 23 — » A (g) 23 are a.u. 
eguivalent. In particular, any two unital endomorphisms of '23 are a.w. equivalent. 

Proof: By Proposition ll.9f iii) (in connection with Proposition ll.lUf iv)) there is a 
sequence of unital *-homomorphisms ip n : 23 ® 23 — > 23 such that <p„ o (idx> ® lp) — » 
idp pointwise. 

For each n £ N we define unital *-homomorphisms a n ,(3n ■ 23 — > ^4 (g> 23 by 
a„ := (id^ ® </?„) o (a <g> idp) o (idp ® lx>) 

and 

/3„ := (id^ <g> </3 n ) o (/? ® idx>) ° (idp ® lp) . 
From Proposition 1 1 . 2f ii) we see that 

ot n «a. u . (id,4 <8 ipn) ° (« ® idp) o (lp ® idx>) 
= (idA ip„) o (1 A (g> lp ig) idp) 
= (id a <8 <^n) o (/3 ® idu) ° (lx> <8> idp) 

~a.u. 

and, from ll.2TT l. we obtain a„ « a . u . ft Vn £ N. But we obviously have a„ — > a 
and /?„ — ► (3 pointwise, so a ~ a .u. (3 by Proposition II . 2f iii) . The second statement 
follows with A = 23, since 23 = 23 <g) 23 by assumption. | 

1.13 Recall that a unital C*-algebra is said to be Ki-injective, if the canonical 
homomorphism li(T)) /Uo(T>) — * Ki(23) is injective. 

PROPOSITION: Let 23 be a separable, unital, strongly self- absorbing C* -algebra. 
Then the unitaries implementing the approximately inner flip on 23 <g> 23 may be 
chosen to represent in Ki(23 (g) 23) = Ki(23). In particular, if 23 is Ki- injective, 
then the unitaries may be chosen to be homotopic to lv- 
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Proof: For k G N define *-homomorphisms \ k : V® 2 " ®V® 2 " -> V® 2 " +1 ®V® 2k+± 

by 

We then have 

V®°° <g> D®°° = lim(P® 2fe (g) D® 2 * , A fe ) ; 
denote the canonical embedding of V® 2 " ® V® 2 " into V®°° ® l?® 00 by A fci00 . 

By Corollarv ll.lll 2? has approximately inner flip, and so has V® 2 * by Proposition 
11.81 Let (uk y n)nefi C £>® 2 ® T>® 2 be a sequence of unitaries approximating the 
flip a vm k on V® 2 * 1 ® V® 2k . Choosing a suitable sequence (nk)keN C N, it is then 
not hard to obtain unitaries „. eV® 2 "® V® 2 , such that for any m G N we 
have 

^k,ao(w£ in jA m ,oo(c(gi d)A fci00 (ufc, n J fe= ? 5 A m>00 (rf®c)Vc,dGP 82 . 
But then it is obvious that for any raeNwe also have 

Afe+l.ooO"^ ® Ufc,nJA m ,oo(c® rf)Afe+l l0o (Wfe,n fc ® ti£, n J <W„(d®c) 

for all c, d G Z>®°° , so we may define elements 

«fc := h+l,oc(u k ,n k ® "fc.nj , 

which form a sequence of unitaries in 2?®°° 2?®°° approximating the flip <7x>®oc ■ 
Let u G 2? be any unitary clement. Then we have 

v fe (w <g> lx>)^(lp ® u*) ^? lp^p = lp . 

On the other hand, 

Ki(v k (u® luK(lx) ®«*)) = Ki(m® u*) Vfc, 

whence Ki(u<g)ti*) = 0. Since u was arbitrary, we obtain Ki(uk,n k ® u *kn ) = for 
any (fixed) k; we conclude that Ki(vf.) — 0, Vfc G N, as desired. | 

1.14 Examples: (i) Recall that a UHF algebra is usually written in the form 

M® kl ® M® k2 ® . . . 

or, more convenient, as M n , for a supernatural number n = p kl ■ p\? . . ., where 
(Pi)ieN is an enumeration of the primes and the exponents fcj are in N U {oo} (N 
containing zero). 

It follows from elementary linear algebra that the flip automorphism on M r (g> M r 
is inner for any r G N. As a consequence, any UHF algebra has approximately 
inner flip. Proposition II .91 and Corollary 11.111 now show that B = M n is strongly 
self- absorbing iff ki G {0, oo} Vi £ M (and at least one fcj is nonzero). In other 
words, n is nontrivial and each prime that occurs in n has to occur infinitely many 
times. We will call such a B a UHF algebra of infinite type. It is obvious that B 
is of infinite type if and only if it is self-absorbing in the ordinary sense. 

In [S] it was shown that the only unital AF algebras with approximately inner 
flip are UHF algebras. Below we will prove a similar result, namely that the only 
unital strongly self-absorbing AH algebras are UHF of infinite type. 

Recall also that it is well-known that M r , and hence any UHF algebra, is Ki- 
injective. 
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(ii) In Cuntz introduced the algebras 0„ (with n G {2,3, . . .} U {oo}). These 
are universal C*-algebras generated by n isometries with certain relations; they are 
nuclear, simple and purely infinite. In Kirchberg's classification of purely infinite 
simple nuclear C*-algebras, the Cuntz algebras 02 and Ooo play a particularly im- 
portant role. By results of Elliott and of R0rdam (cf. [HOI), they have approximately 
inner half flip and satisfy 2 = Of 00 and Ooo = 0®°°, respectively, so they are 
strongly self-absorbing by Proposition ll.101 It follows from [3] that 02 and Ooo are 
both Ki-injective. 

(iii) If B is a UHF algebra of infinite type, then B <g> Ooo is strongly self-absorbing 
by Proposition 11.81 Since B ® 0^ is simple and purely infinite, it is Ki-injective 
by0. 

Note that B and B <g> Ooo are KK-eqivalent, but are not isomorphic (B is stably 
finite, whereas B®Ooo is purely infinite), li B\ and B2 are UHF algebras of infinite 
type, then by Kirchberg's classification results the Bi ® Ooo are isomorphic iff the 
Bi are. Kirchberg has also shown that O2 absorbs any simple nuclear C*-algebra 
tensorially, so in particular we have B <g) O2 — 02 ■ We will see later that O2 , Ooo 
and B <g> Ooo (with B UHF of infinite type) are the only purely infinite strongly 
self- absorbing C*-algebras which satisfy the Universal Coefficients Theorem. 

(iv) Let p, q and n be natural numbers with p and q dividing n. C*-algebras of the 
form 

I\p, n, q]={fe M n (C([0, 1])) I /(0) = l n/p ® a, f(l) = b ® l n/ „ a e M p , 6 G M,} 

are commonly referred to as dimension drop intervals. If n — pq and gcd(p, q) = 1, 
then the dimension drop interval is said to be prime. 

In ^7], Jiang and Su construct a C*-algebra Z, which is the unique simple unital 
inductive limit of dimension drop intervals having Ko = Z, Ki = and a unique 
normalised trace. It is a limit of prime dimension drop intervals where the matrix 
dimensions tend to infinity, and there is a unital embedding of any prime dimension 
drop interval into Z. Jiang and Su show that Z is strongly self-absorbing; that Z 
is Ki-injective is established in It was shown in JJj that a simple unital C*- 
algebra absorbs Z tensorially if it is AF or purely infinite. Therefore, tensoring our 
previous examples with Z will not yield any new examples. In fact, the entire list 
of examples provided here is closed under taking tensor products. 

2. AN INTERTWINING ARGUMENT 

Below we recall a result of Kirchberg and R0rdam, based on Elliott's proof that 
02 ® 02 = 02 , which provides a characterisation of when a C*-algebra A is D-stablc 
(T> being strongly self-absorbing). The statement involves the multiplier algebra 
M(A). However, to prove permanence properties of ©-stability, a slightly modified 
version of Theorem 12.21 (which is proved in a similar way but avoids use of the 
multiplier algebra) will be useful. 

2.1 Notation: For a 0*-algebra A we denote by FJn ^ tne 0*-algebra of bounded 
sequences over N with values in A; the ideal of sequences converging to zero is de- 
noted by © N A We shall write Q(A) for the quotient I1n^/©n^- There is a 
canonical embedding 1 : A On^* given by mapping A to the subalgebra of 
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constant sequences; I clearly passes to an embedding of A into Q(A). For conve- 
nience, we will often omit the i and simply identify A with its image in J} N A or 
Q(A), respectively. If B C A is a subalgebra, then Q{A) n B' denotes the relative 
commutant of B in Q(A). 

2.2 Theorem: (cf. [El and [Hj, Theorem 7.2.2) Let A and V be separable C* - 
algebras and suppose that T> is unital and strongly self- absorbing. Then there is an 
isomorphism tp : A — » A(&T> iff there is a unital * -homomorphism 

g:V^ Q{M{A)) n A' . 

Moreover, in this case the maps ip and id-A <£> lx> are a.u. equivalent. 

2.3 For some purposes (cf. the two subsequent sections) another version of the 
above will be useful. In the following result we have to ask V to be Ki-injective 
fsee !1.13|) . which, for the known examples of strongly self-absorbing C*-algebras, is 
no restriction (cf . I1.14|l . 

Theorem: Let A and T> be separable C* -algebras and suppose that T> is uni- 
tal, strongly self- absorbing and ¥^\-injective, i.e., the canonical homomorphism 
U{T>) /Uq(T>) — > Ki(2?) is infective. Then there is an isomorphism ip : A — > A®T) 
iff there is a * -homomorphism 

a: A®V^ Q(A) 

satisfying 

a(a ® lp) = a Va € A , 
and in this case ip ~ a .u. id,4 <g> lx>. 

2.4 Before proving the theorem, we need some intermediate results. 

LEMMA: Let A be a separable C* -algebra, sitting as an ideal in a separable unital 
C* -algebra B. Then, there is a sequence of unital *-homomorphisms 

[3 n : C([0, 1]) A+ c B 

such that the following hold: 

(i) /3„(Co([0, 1))) C A (regarding Co([0, 1)) as subalgebra of C ([0,1]) in the 
canonical way) 

(ii) \\[3 n (h)a - h(0) ■ a\\ ™ OVfee C([0, 1]), a e A 

(iii) || [/?„(/*), 6] || ™ g C([0, 1]), b G B. 

Proof: First, choose an approximate unit (e„)„ e N for A which is quasicentral for 
B; we may assume the e n to be positive and normalized, moreover, we may assume 
that e„e„ + i = e„ Vn G N (cf. 3.12.16). Define continuous functions g n and 
K GC([0,1]) for n GN by 

1 for t = 

5n (i) := { forte [1,1] 

linear elsewhere 

1 for t G [0, 1] 

/i„(t) : = <( fort = 1 
linear elsewhere . 



and 
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One checks that for each n there is a (unique) unital *-homomorphism 
satisfying 

Pn{g n ) = e„ and (3 n (h n ) = e n+1 . 
Now if h £ C([0, 1]), then we have \\hg n — h(0) ■ g n \\ — > 0, and so 

||/3„(/ l )e n -/i(0)-e„|| 

whence 

HAiWa - ^(0) • all ™ OVoe A. 
Moreover, there is a sequence of polynomials (pk)keN in one variable, such that 



But then we also have 



lim |[p fe (l-id [0)1] )-/i||=0. 

k — too 



lim lim \\pk{h n ) - h\\ = . 

fc^oc n— too 



Now since, for each n and k, 

\\pk{e n+ l) - Pn(h)\\ = \\Pn(Pk(K) -h)\\< \\pk{K) - h\\ , 

we obtain 

lim sup lim ||pfe(e„+i) - f3 n (h)\\ = 0. 

Note that 

lim \\\p k (e n+1 ),b}\\=0Vb£B, 

n — too 

since the e n are quasicentral. As a consequence we see that, for all b £ B, 

lim || [/3„ (/*),&] || < limsup lim (|| [ Pk (e n+1 ), b] || + 2 • \\p k (e n+1 ) - n (h) ||) 

n->oo k-KX> ™^°° 

< limsup lim || \p k (e n+1 ), b] \\ 

+2 -limsup lim \\p k {e n+1 ) - (3 n (h)\\ 
= 0. 



2.5 Lemma: Let A and T> be separable C* -algebras and suppose that T> is uni- 
tal, strongly self-absorbing and Ki-injective. Then, there is a sequence (s„)n of 
contractions in A®T> ®T> satisfying the following for all a £ A, d £ T>: 

(i) ||[s„,a<g> l v ® lz>]|| -> 

(ii) js^a ® lv ® d)s n - a ® d ® l v \\ -> 

(iii) ||s*s„(a <8> lv <S> lx>) - a <8> l v <S> lx>|| ->• 

(iv) s„ + 1 — (s„s* )s is a unitary in (A®T> ®V) + , where 1 denotes the unit 
of (A®V®V)+ . 

Proof: For i = 0, 2 consider functions /ij £ Cq([0, 1]) defined by 

( 1 for t £ [0, i] 

fc(t) := I fori G [i±i,l] 

[ linear elsewhere . 

By Lemma \'2 .41 there are *-homomorphisms (3 n : Co([0, 1)) — » A such that 

||A»(/n)a - a|| 
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for i = 0, 2 and all a € A. By hypothesis there are unitaries v n GT> ®T> such that 
||d*(1x> <E> d)v n — d <g) 1-d\\ — ► for all d G T>. By Proposition II. 131 each v n may be 
chosen to be nomotopic (via unitaries) to l-DtgiV, so there are unitaries 

u n GC([0,l])<g>T><g>T>^C([0,l],£><8>2>) 

such that 

( v n for t G [0, |) 
u„(i) := < w„(t) for t G [§,§ ) 
[ lc®r> i € [|, 1] . 

We have elements 

u n ■= O2 ® 1c®p)m„ G C o ([0, 1)) <g> D <g> D , 

so we may define 

s„ := /3„ ® id v ®v(u n ) € A <g> V (g> T> . 

Note that 

s n (Pn(ho) <8> lptgin) = (/3„(/io) ® lv®v)s n = /3„{h ) ® n n . 
Together with 

lim ||/3 n (ft-o)a — a ll = lim \\af3 n (ho) — a\\ = Va G A 

n — >oc n — >oc 

this implies 

\\{a(g)x)s n ~a®xv n \\ n -^+ OVae A x eT>®V. 
But now it is straightforward to check that 

||[s„,a® 1o®d]|| °' 

that 

||s*(a <g> 1t> ® d)s n - a <g> d (g) l v \\ -> 

and that 

||s*s„(a ® lptgip) - a <g> lz>ox>|| — > 

for all a e A, d e V. 
To check that s n + 1 — (s^n)^ is a unitary for each n, observe that 

(s*S„)2 = /3 n (/l 2 ) ® lugiD , 

hence 

[(«;*„)*,«„] = [«s„)',<] = 

and 

s n(! ^ ( s n s «)') = (1 - {s* n s n )^)s n = f3 n (h 2 - hi) ® lp®© , 
where for the last two identities we have used the definitions of hi and u n . Now 
one computes 

« + 1 - «s n )i)(s„ + 1 - ««„)*) 

= 1 + /3„(/l2 + 2(/l 2 - - 2/l 2 + /la) ® lu<8U 

= 1 

and, similarly, 

(Sn + 1 - (*«*n)»)« + 1 - «S n )4) = 1 . 

I 
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2.6 Proposition: Let A and B be separable C* -algebras and i : A — > B an 
embedding. Suppose there is a sequence of unitaries v n G Q(B + ) such that, for all 
a e A and b G B, \\[v n , t(a)}\\ — > and dist(v*bv n , Q(l(A))) — > 0. 
Then, there is an isomorphism ip : A — > B which is a.u. equivalent to l. 

Proof: Let {a%, . . . , a^} C A and {b%, . . . ,b{\ C B be finite subsets of positive 
normalised elements and let e > 0. In view of [23j, Proposition 2.3.5, it will suffice 
construct a unitary u G B + such that |] [it, t(a»)] || < e and dSst{u*bjii,i{A)) < e 
for i = 1, . . . , k and j — 1, . . . , I, By hypothesis, there are N G N and ci, . . . , q G 
Q(l(A)) satisfying \\[vn, < e/2, and Hu^&jUjy — Cj|| < e/2 for i = 1, . . . , A; and 

j = 1, . . . , I. We may assume the Cj to be positive and normalised as well. Next, 
choose lifts {u\,U2,---) G Yl B + and (i(aj,i), i(aj,2)j • • •) G II C ^ f° r ^JV 
and Cj, j = 1, . . . , I, respectively. We may assume that the u m are unitaries (using 
|3(J|. Lemma 6.2.4) and (using functional calculus) that the positive and 

normalised. But since the (u m )fi and the i(aj, m )meN are lifts for vn and Cj, there 
is M G N such that || [um, < e and \\u* M bjUM ~ L ( a j,M)\\ < £ for i = 1, ■ ■ ■ , k 

and j = 1, . . . , I. I 

Proof: (of Theorem 12 .3(1 If A = A (g> 2?, for neN define *-homomorphisms 



by o~ n :— idyj ® V?n; where the ip n come from Proposition^^ iii). The induced map 
a : [A ® 25) §5 2? — > Q(A ® 2?) obviously is a *-homomorphism satisfying 



Conversely, suppose there is a *-homomorphism ct as in the Theorem. Let i : A — > 
A ® 2) be the canonical embedding given by id^ (g> l-p- Define f3 : T> — > Q(^4 + £g> 2?) 
by /3(d) := 1 A+ <8> d. Regarding Q(A) = Q(i(A)) = Q(A ® C • l v ) as subalgebra of 
Q(A + ® T>), we see that log and /3 have commuting images and therefore induce 
a *-homomorphism 



By Lemma [2.51 there is a sequence (s„)n of contractions in A ® V ® T> satisfying 
the following for all a G A, d G V: 

(i) \\[s n ,a®l-D ® lx>]|| -> 

(ii) jjs* (a <8> In ® d)s„ - a<g>d® l v \\ -> 

(iii) ||s I *s„(a(g) 1-d ® Id) - a <g> lx> (8 lx>|| -> 

(iv) s n + 1 — (s n s* ) 2 is a unitary in [A ® V ® T>) + , where 1 again denotes the 
unit of {A®V ®V)+ . 



cr„ : A®V®V -> A&V 



cr(a ® d(8 lx>) 



a®dVa e A, deV. 




Set u< 



£»+(s„ + 1 - (s*s„) 2 ), where 



p+ : (A (g) 23 (g> P) 



+ 



(<2(A®2?))+ c Q{{A®V)+) 
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is the unitization of g. Then 

||[w„,t(o)]|| = \\[v n ,Loa(a<E)l v )f3{l v )}\\ 

\\[Q(s n ~ «s n )5),£>(a<8)lx.®r>)]|| 
= \\Q([s n ~ «s n )^,a® lx><g>x>])]] 

n — >oo 

Furthermore, 

v* n (a®d)v n = v* n i o <j(a <g> l-p)0(d)v n 

= £ + (u*(a ® lx> ® cf)v„) 

— ► £>(a ® a ® Id) 
= t o cr(a (8 d) G Q(i(A)) , 

so dist«6w„, Q(t(A))) V& G A ® X>. 

Finally, the w„ are unitaries in (Q(A (g> C Q((^4 £g> X>) + ), since p + is a 

*-homomorphism, and the results follow from Proposition ^. 61 | 

2.7 Remark: The first part of the proof also shows that, if A is D-stable, there 
exists a sequence (a n '■ A eg) T> — > A)n of *-homomorphisms which satisfies 

||er„(a <8> Id) - a|| n -^+ Va G A . 



3. Permanence properties of Instability 

In the sequel we conclude from Theorem 12.31 that ^-stability passes to hered- 
itary subalgebras (hence is Morita-invariant), quotients, inductive limits and to 
extensions. In the cases where T> equals O2 or these results were obtained in- 
dependently (and with slightly different methods) by E. Kirchberg, cf. [23! , Section 
8. In 14 , I. Hirshberg and the second named author will show that P-stability 
also passes to crossed products with Rokhlin actions of Z, M or compact second 
countable groups. 

Throughout this section, we shall assume T> to be separable, unital, strongly 
self-absorbing and Ki-injective (recall that the latter holds for all the examples of 

n~m 

3.1 Corollary: Let A be separable and T>- stable, and let B Cher Abe a hereditary 
subalgebra. Then, B is D-stable. 

Proof: Let 1 : B — > A be the injection map. Choose an approximate unit (h n )n C 
B for B; we assume the h n to be positive contractions. Let h denote the image 
of the sequence (h n ) N in Q(B) C Q(A). Furthermore, let f3 : Q{A) -> Q(B) be 
the c.p.c. map given by (3(x) := hxh. For b 6 B C A C Q(A) we have hb — 
bh = b; in particular, we obtain f3(b) = b V b G B. Consider a *-homomorphism 
a : A ® T> — > Q(A) as in Theorem 12.31 and define a c.p.c. map cf : B ®T> — > <2(£>) 
by cf := /3 o cr o (t <g> id-p). For b G B+ and d G 2?+, we have 



cf (b ® lu) = j3 o cr(6 ® Id) = 6 
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and 

a(b®d) = (3(a(bi <g> l-p)a(b* ® d)a{b* ® Id)) 
= cr(6(g)d). 

The last equation not only shows that cr maps B ® V to Q(B) C Q(A), but also 
that <r is multiplicative, since <r is. Therefore, <r satisfies the conditions of Theorem 
12.31 hence B is P-stable. I 

3.2 Corollary: If A is a separable C* -algebra and r £ N, i/ien A is V-stable iff 
A® M r is V-stable iff A®K, is V-stable. 

PROOF: If A is P-stable, then clearly A ® M r and A ® /C are. Conversely, if A ® /C 
is P-stable, then so is A by Corollary 13. II I 

3.3 COROLLARY: zs separable and V-stable and J <\ A is a closed two-sided 
ideal, then J and A/ J are V-stable. 

Proof: J C A is a hereditary subalgebra, so it is P-stable by Corollary 13.11 
For the second statement, note that the quotient map q : A — > A/ J induces 
a *-homomorphism q : Q(A) — > Q(A/J). Now let cr : A ® D -> Q(A) be 
a *-homomorphism as in Theorem 12.31 The composition q o cr passes to a *- 
homomorphism cr : (A/J)<g)Z> — > Q(A/J), because goer maps J®1d to £ Q(A/J), 
whence g o cr( J ® T>) = 0. The map a satisfies a o (g ® idp) — q o cr, hence 

cr(g(a) <g Id) = g(V(a ® Id)) = g(a) = g(a) € Q(A/J) 

for all a 6 A. By surjectivity of g, the result now follows from Theorem l2.3l | 

3.4 Corollary: Let A = lim^ At be an inductive limit of separable V-stable 
C* -algebras A%, i £ N. Then, A is V-stable. 

Proof: Replacing the A; by their images in A if necessary, by Corollary 13.31 we 
may assume the At to form an increasing sequence of 25-stable C*-algebras. From 
Remark 12.71 for each i £ N we obtain *-homomorphisms 

a i>n : A,®V -> AiC A 

satisfying 

o~i,n{a <8> Id) aVaeij. 
Using separability of the A* we can find a sequence (nj)i G N C N such that, for all 

jeN, 

Cj, nj ((X ® Id) — ° aV a £ Aj . 

Note that the last statement makes sense even though ai :Tli is only defined on Aj ®V 
for j < i. Next we define a map a : |J. Aj ® X? — > ]X Aj C J^i ^ by 

~ / \ f (Tin, (a;) if x £ Ai <g> I? 
:= ( else. 

It is straightforward to see that the a induce a map 

a :\jAi®V-> Q(A) 
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which is multiplicative, ^-preserving and satisfies 

ff(a®lp) = aVae \J A t . 

i 

Since a is a *-homomorphism on A, ® D, it is normdecreasing on Ai ® T> for each 
ieN, hence on all of U i A; ® V. Regarding [j i Ai ® X> as a (dense) subalgebra of 
^4 £g> X>, we see that a extends to a *-homomorphism 

a : A ® V -> , 

still satisfying cr(a ® lr>) = a Va € j4, whence A is D-stable by Theorem 12. 31 | 

4. Extensions 

We have already seen that D-stability passes to quotients and ideals; in this 
section we show that it is also stable under taking extensions. 

4.1 In the proof of Theorem 14. 31 below we shall have use for a straightforward and 
well-known consequence of Stinespring's theorem (cf. |22) . Lemma 3.5): 

Lemma: Let A, B be C* -algebras and ip : B — > A a c.p.c. map. Then, for any 
x,y G B + , we have \\ip(xy)—ip(x)ip(y)\\ < \\ip(x 2 )~ ip(x) 2 1| 2 \\y\\ . In particular, ifx is 
in the multiplicative domain oftp, i.e., \\(p(x 2 ) — ip(x) 2 \\ = 0, then <p(xy) — (p(x)(p(y) 
for all y G £?+, hence for all y G B. 

4.2 The next result is only a minor variation of [20], Lemma 2.6(iii). 

Lemma: Let 0-»J-»£->i-^0/)efl short exact sequence of separable C* - 
algebras. Then the induced map q : Q{E) — > Q{A) maps Q{E)C\E' onto Q(A)C\A' . 

PROOF: Since Q(A) (~l A' is a C*-algebra, it suffices to show that any positive 
contractive a G Q(A) n A' lifts to some e G Q(E) HE'. So let a be represented by 
a sequence (a„) ne pj of positive contractions in A satisfying 

HK^lf-^OVzG A. 

Each a n lifts to a positive contraction e„ G E. Now choose a quasicentral approxi- 
mate unit (d„)„ S N for J and a sequence (fc n )ngN C N such that 

\\[ y ,(l E+ -d kn )e n ]\\ n ^?0VyeE; 

this is possible since (dfc)fceN is quasicentral with respect to E and q([y, e n ]) "^2? 
0, whence dist([y, e n ], J) "^J 3 0. Let e G Q(E) be the element represented by 
((1e+ - dfc„)e„)„ e N, then e G Q(E) n £7' and 

g(e) = [(o((l s + - d fe Je„))„ eN ] = [(g(e„))„ eN ] = [(fltn)neN] = a - 

I 

4.3 Theorem: Lei O^J^E-^A^O be a short exact sequence of separable 
C* -algebras. With T> as in the preceding section, if J and A are V-stable, so is E. 

Proof: The proof is quite technical, so we briefly sketch its idea. We want to 
construct a *-homomorphism 

7 : E®V -> Q{E) 

such that ^Et&i-v = id_E. 7 will be a refined convex combination of c.p.c. maps 

§,H:E®'D-> Q(E) , 
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where g and fi are constructed from the *-homomorphisms A eg T> — > Q(A) and 
J Cg) I? — > Q( J) implementing D-stability of A and J, respectively. At the same 
time, a quasicentral approximate unit of J will yield a unital *-homomorphism 



The map 7 is a combination of g and fi 'along' the image of the unit interval under 
(3. On the left hand side of the interval, 7 coincides with g, on the right hand side 
with fj,. The problem is, that g and /1 yield two distinct copies of T>. However, 
using the assumptions on T>, we can construct a continuous path of unitaries which 
connects the unit of 2?Cg£> with a unitary implementing the half- flip on Peg V. This 
path is then used to intertwine the two copies of T> along the middle part of the 
interval. If all these maps are chosen carefully enough, we then obtain the desired 
*-homomorphism 7. All this will now be made precise. 

Let (g n : A eg) T> — > A)„ e ^ be a sequence of *-homomorphisms satisfying 



such a sequence exists by Remark 12. 71 The g n induce a *-homomorphism 

g : A ® V -> Q[A) . 

Let (h n )fj be an approximate unit for A. Define c.p.c. maps g' n : T> — ► A by 
g' n (d) := g n (h n <E> d). The induced c.p.c. map g' : V — > Q(A) in fact maps V to 
Q(A) n A'. Moreover, one checks that 

(4) g(a (g) d) = ag'(d) = g'(d)a V a <E A, d e T> . 

Let q : Q{E) — » Q(A) denote the obvious map induced by q. Since V is nuclear, 
Lemma f4. 21 and the Choi-Effros lifting theorem imply that g' has a c.p.c. lift 



which in turn lifts to a sequence of c.p.c. maps g n : T> —> E . Since the image of g 
commutes with E, there is a c.p.c. map 



(3 : C([0, 1]) - Q(E+) . 



(3) 



\\g n (a ® lp) - o| 



OVaei; 



g : 2? -> Q(S) n E' , 



g:E®V-> Q(E) 



given by 



g(e <g) d) = e^(d) 



£(d)e Ve£E 7 deV. 



Since 



qo g(e® d) 



9(e) ef id) 

g(q(e)®d) 

g o (g eg) idp)(e eg <i) , 





(6) |k(ep„(d 2 ) - ee„(d) 2 )|| ^ Ve e d E V+ . 
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Before proceeding, we define continuous functions on the unit interval as follows: 

1 for t = 

g' (t):={ for«>| 
linear else , 

1 for t < | 

g (t) := { for t > § 

linear else , 
and 

9i(t) ■= 9o{ 1 - *), 9i(t) ■= ffo(l - *), .91 := l-go -9i- 
Applying Lemma [2.41 (with J in place of A and E + in place of B) we may use a 
diagonal sequence argument to obtain unital *-homomorphisms 

A:C([0,1])^J + CE+, 
neN, with the following properties: 

a) Wn{g' Q )c-c\\ ^0Vc£ J 

b) ||/3 n (l[o,i] " 3o)(egn(rf 2 ) - eg n (d) 2 )\\ -> Ve 6 £+, d 6 P+ (using ®) 

c) [[/3„(l [0 ,i] - fl&)(e&,(lj>) - e)|| ^ Ve £ £+ (using ©) 

d) [[[/?«(/), e] || -► and || [/?„(/), e^(d)] || -> V/ 6 C([0,1]), e e E, d e V 
(regarding J + as a subalgebra of E + ) 

e) /?„(/) C J Vn 6 N, / 6 C ([0, 1)), in particular 1 E+ - /3 n (g[) 6 JVnSN. 

The /3„ induce a *-homomorphism /3 : C([0, 1|) — * Q(>/ + ) C Q(-E + ) satisfying 
f3(C([Q,l])) C q(E ®V)' , p(g )c = c 

and 

(7) /3(1 [04] - g' Q )(g(e <8> 1 D ) - e) = p(l m - g' )(g(e 2 ® d 2 ) - g(e <g> d) 2 ) - 
for all c £ J+, e £ £J+ and d £ X> + . 

From Remark 12.71 we obtain *-homomorphisms £„ : J ®V — > J satisfying 

(8) ||C„(c®l D )-c|| ^0Vc£ J. 

With a little extra effort, using JSJ, e) and separability of E, we may even assume 
that 

||C»(((1js+ " Pn(g[))hg n (d)(l E+ - Pn(g[))h O Id) 

(9) -(1 E + -/3n(g[)) h eg n (d)(l E+ -/3 n (g[))?\\ -> , 
that 

(10) ||Cn(/3n(ffo)e 8) 1 D ) - /3«(<?o)e|| -> 
and that 

(11) IIC»GS»(/)®ii>)-A>(/)ll-o 

for all e £ £+, d £ D and / £ C ([0, 1)). 
Define \i n : E+ ® V -» J by 

Ai„(x) := Cn(((l B + " ® l»)a:((lB+ - A»(ffi))* ® 1©)) ; 

the /j, n are well-defined by e); they are c.p.c. and one checks that the induced map 
jU : E + (g) P — > Q( J) satisfies the following: 
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g) v\j®i-d = id j (by a), © and the definition of the g[) 

h) fJ>\ j®x> is a *-hornomorphism (by a), using that the £n are *-homomorphisms) 

i) range (fj.) C (range (/?))' (using d), l(TT|) and multiplicativity of the ( n ) 

j) (1 E + - /3(.gi))(/i(e 2 ® d 2 ) - /x(e <g> d) 2 ) = Ve G £+, d G £>+ (by (JTTJ) and 

multiplicativity of the £„) 
k) /i(e <g> l v ) = /3(l[ ,i] - ffi)e(e ® lr>) Ve G £ (by d) and ©) 

1) /3( ffo )x = iVi£/i(J8 2?) (by a), g) and h)) 
m) /?(l[o,i] ~ 9o) -L M J ® 2? ) ( also by a), g) and h)) 

n) ®do), (1 E+ -P(g' 1 ))ig(e®d 1 )(l E+ -^(si)) 1 ]!! =0Ve6 J E,d i GO 

(by ©) 

o) M (l£+ ® Id) = 1 E + - /9(fli) (by dJ) 

p) /3(g )fJL(e ® lp) = /3(g )e Ve G £ (by JTHJ and (fUJ)). 

In particular we see from J7J|, i) and n) that the c.p.c. maps 

: C([0, 1]) - , 

ad((l B+ - /?(<£))*) o g: £®X> -> Q(.E) 

and 

/i:C-l B + ®£>^ Q(J) C Q(£J) 
have commuting images in Q(i? + ) and thus give rise to a c.p.c. map 
A : C ((i, |))®£®P®P^ Q(J5) 

satisfying 

A(/ <g> e ® d ® di) = /?(/) • ® d ) • - /%!))* fi( e ® di)(l E + - /Sfoi))* . 

Since / = (1 [0;1] - ^)/ V/ £ C ((g, |)), we in fact have 

(12) A(/® e® d ® di) = /?(/) • /x(l B + ® d ) • £(e® d x ) 

and, using i), j) and Lemma 14. II that A is a *-homomorphism. Note that 

(13) A(/ ® e ® It, ® Id) = /?(/)• e(e ® 1©) 

(by o)) and that the image of A in fact lies in Q(J), since the image of /i does and 
Q( J) < Q(£) is an ideal. 

Choose unitaries si £T> ®T> such that \\s*(x ® lv)si — lx> ® z|| ' : ^5 > OVieP. 
By our assumption on D (in connection with Proposition !!.! j|l we may assume the 
si to be homotopic to 1t>®t>', therefore, there are unitaries s; G C([0, 1],X>®2?) such 
that 

^l[o,i] = lx>®x> and Si|[f ,i] = s ' • 

We regard the s/ as elements of C([0, 1]) ® .E+ ® D ® £>. 

Let (d;)N be an approximate unit for E (the d; being positive contractions) and 
define vi € C (( g , f )) ® -B ® X> ® P by 

i 

:= (gi ® d; ® 1-d ® lp) • 5; ■ 

2 

One checks that 

= w/wf = g| ® df ® lp ® Id 
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and that, for any / G Co((|, |)), e £ E and x,y G 2?, the sequences 

i 

v i (f ■ 9o <8> e <g> a; ® - gf ■f-go®e®x®y, 

2 i 

v'i {f ■ g\ ® e ® x ® lv)vi - gl ■ f ■ g\ ® e <g> lp <g> a: , 

i 2 

^*(/ <8> e <g> Id <g> lp)?;* - 5? • / <g> e <g> lp ® lp 

2 

all converge to zero as I goes to infinity. 

For each I G N, A(uj) is a contraction in Q(J), so there is a contractive lift 
(f;, n )neN e I1n ^- For a suitable (in a sense to be made precise shortly) increasing 
sequence (n;)/ £ N C N define 

U := [(0, ... ,0, Vo,n , V0,n a + 1, ■ ■ ■ , «0,7ii-l j "l.Tii , ■ ■ ■ , v l,n 2 -1 , V 2,n 2 , ■ ■ ■)] £ 2("0 • 

It is not hard to see that (n;); 6 N can be chosen such that the following hold for all 
/eC ((i,|)), eeEand x,y EV: 

q) u*uX(f ® e ® a; ® y) = uu*X(f (g> e ® x ® y) 

= A(/ ® e <g> x ® y)u*u = A(/ ® e ® a; ® y)tw* 
i 

= A(<?| ■ / ® e ® x ® y) 

2 

r) u*\(g ■ f ® e ® a; <8 y)u = A((/ -5? • / ® e <g> x <g> y) 

2 

s) u*X(gi ■ f ® e ® a; ® lp)u = A(pi • <?f • / <£> e ® lp ® x) 

2 

1 

t) it*A(/ <8> e <S> lp <g> lp)w = A(p| • / ® e ® lp lp). 

2 

Moreover, we have u € ® lp)' n (range (/3))'. 

We note some simple computations for later use. For e G E + and d G P+ we 
have 

i 

P(go) ■ K e ® d)u*X(gf ® e (g> d ® lp)w 

2 

= /x(e ® d)\(g ■ gi <8> e (8 d <8> lp) 

= ju(e <g> d)/3(g • ® d)f?(e ® lp) 

= P{gi)/3(g )n(e ® d)/i(l E + <S> d)/x(e ® lp) 

j) P /3( 5 i)/3( ff0 )Me®d 2 V(e®lp) 

j) P )/%o)/i(l S+ ® d 2 )^(e ® lp) 2 

= P(gi)P(goM 1 B+ ® d 2 )g(e 2 ® lp) 
= A(g ' 5 i ® e 2 ® d 2 ® lp) 

(14) ^ /?( 5o )u*A( 5 | ® e 2 ® d 2 ® lp)u 

2 

= /3( 5 i)/3( ff0 ) M (e 2 ®d 2 ), 

and, similarly, 

(15) w*A(5| (g)e(g)d® lp)u-/3(5o) -M(e®d) = /3(gi )/3(g )n(e 2 ® d 2 ) . 
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Furthermore, we see that 



P{gx)g{e <g> d)u*X(gi ®e8rf® lv)u 

2 

= g(e ® d)X(gi ■ gi® e®lx>® d) 

°) 



g(e <g> gO/%i • ffi)/3(l [0 ,i] - ffi)e(e ® d) 

(16) 5 /3( 3l )/3( 3 i)g(e 2 ®d 2 ) 

= (3{g 1 )\{gi ®e 2 <g> Id ® d 2 ) 

= j3{g 1 )u*\{g\®e 2 ®d 2 ®l v )u 

2 

and that 

(17) u*X(gJ <E> e <E> d <E) l v )u (3(gi)g(e (g> d) = I3{g{)u*\{g\ ® e 2 ® d 2 ® l v )u . 

2 2 

Now define a c.p.c. map 

1 :E®V^ Q{E) 

by 

X 

j(e <8> d) := ^(t/o) • A*(e <8> d) + u*X(gf ® e <g> d <g> + /3(gi) • p(e ® d) . 

2 

We proceed to check that 7 satisfies the conditions of Theorem 12.31 i.e., it is a 
*-homomorphism sending e ® Id to e for all e G E. 

First, we compute 

7(e®lx>) = (3(go) ■ [i(e ® 1-d) 

1 

+u*X(gf ® e ® lp ® 1-d)u 

2 

+/3(<7i) • g(e ® lx») 

P - P(ga)-e 

+X(gi <g> e <g> Id ® Id) 
• e(e <8> Id) 

- /%o) • e + ) • g(e <8> Id) + /%i) ■ g(e ® Id) 


= 0(go) -e + p(gi) -e + (3( gi ) -e 
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Finally, we check that 7 is multiplicative onE®T>. By Lemma l4~Tl we only have 
to show that j(e <g> d) 2 — 7(e 2 ® cP) for e 6 E+ and d E T> + : 

7(e <g> d) 2 

= /3(5o) 2 • A«( e ® rf ) 2 + u *Mdl <B> e ® d O l v )uu*\(gl <&e®d® l v )u 

2 2 

+/3(ffi) 2 • f?(e O cf) 2 + /3(5o) • A*(e ® d)u*\{g\ e d <8> lx>)u 

2 

1 

+w*A(#f e d lp)u/?(5o)M(e d) 

2 

d)u*\(gl e d 

2 

1 

+u*\{gl e d lp)u/?(^i)^(e d) 

2 

= /3(.g ) 2 ■ Me 2 ® ^ 2 ) + /%a) ' u*X{gf ® e 2 ® d 2 ® l v )u 

2 2 

+P(gi) 2 ■ Q{e 2 ® d 2 ) + f3(g ) ■ u*X(gl <8> e 2 <g> d 2 lp)tt 

2 

+/%) ' /3(ffo) • ^(e 2 ® rf 2 ) + P(9i) ■ /%) • e(e 2 d 2 ) 
+/3(gi)w*A(5| ® e 2 <i 2 ® 

2 

= /% ) ' ^( e2 ® rf2 ) + u * A (5i ® e 2 (g) rf 2 ® l v )u + 0{g x ) ■ g(e 2 ® d 2 ) 

2 

= 7(e 2 <g> d 2 ) ; 

here, for the second equation we have used j), q), Lemma f4. II (JTJ, (|14|l . JTSJ, l|16() 
and (|17|l . As a consequence, all of E £§) X> is in the multiplicative domain of 7, so 7 
is a *-homomorphism. It now follows from Theorem 12.31 that E in fact is ©-stable. 

I 

5. K-THEORY AND CLASSIFICATION 

In this section we examine the ordered K-theory of strongly self-absorbing C*- 
algebras in the UCT class and derive a number of classification results. In particu- 
lar, we show that Ki of such algebras is always trivial and that Ko can only be 0, 
Z or the Ko-group of a UHF algebra of infinite type. As a consequence, we give an 
exhaustive list of purely infinite strongly self-absorbing C*-algebras. In the stably 
finite case, we restrict ourselves to certain inductive limit algebras; it turns out that 
these are either projectionless or UHF of infinite type. 

5.1 Proposition: Let T> be a strongly self-absorbing C* -algebra satisfying the 
Universal Coefficients Theorem. Then, KiT) = 0, and KqT> is group isomorphic to 
one of 0. Z. or the K.Q-group of a UHF algebra of infinite type. IfKoT) = Z, then 
lx> represents a generator 0/K0P. 

Proof: The UCT yields short exact sequences 

-> K*X> <g> K*V -> K*(X> <g> V) -> Tor(K*:D, K*P) -> 

and 

-» K*V <g> K*C -> K*(Z> <g> C) -> Tor(K*£>, K,C) 0. 

The inclusion 

K,Z>®K,C-^K,(23®C) 
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is an isomorphism, since Tor(K*D,K*C) = 0. Since T> is strongly self-absorbing, 
the map idp (8 idc ■ lp induces an isomorphism 

K*(idu <8 id c • lp) : K*(D <g> C) — ► K*(2> ® D) 

which, by naturality, factorises through the inclusion of the first short exact se- 
quence. Said inclusion, therefore, is an isomorphism, whence Tor(K st I?, K + 2?) = 
and K*D is torsion free. The map from K*T> ® K*C to K*T> (g> K*T> does not meet 
K]P(8}Ki2?, and since the composition of this map with the inclusion of K*'D<g)K*2? 
into K* (2? <g> 2?) is also an isomorphism, we have Ki£>®Ki2? = 0. This implies that 
Ki£> = 0. 

It remains to examine KoX>. From the analysis above we have that the inclusion 
ip = idK <8» [lp] of Kol? into KoT> (g> Ko£> as the first factor is an isomorphism. 
Suppose that KoX> contains a non-zero (and necessarily torsion free) subgroup H 
which is independent of ([lp]}- Then, the image of ip will fail to meet KoV^H non- 
trivially, contradicting the fact that ip is an isomorphism. Thus, every subgroup of 
KqV meets ([lp])- Let x £ Ko£>, and let m,n be integers such that mx — n[lp]. 
If mx' = n[lp] for some x' £ Ko£>, then m(x — x') = 0. This implies that x = x' , 
since Ko£> is torsion free. Thus, each element of Kol? is a rational multiple of [lp]. 
Now if [lp] = G KoX\ then KqT) is the trivial group. Otherwise, there is an 
embedding i of K T> into Q which sends [lp] to 1. It is straightforward to check 
that 

(18) l o i^' 1 (x ® y) = l{x) ■ i{y) 

for all x, y G Ko£>. This in particular implies that l(KqT)) n <Q+ cannot contain 
a minimal element other than 1. Therefore, if KoZ? = Z, then it is generated by 
[lp]. The argument also shows that, if KoT> is not isomorphic to or Z, then 
it is infinitely generated. To complete the proof, one only has to verify that if 
1/m £ t(Ko2?), then so is 1/m 2 , but this follows directly from lfT5)l. | 

5.2 By Theorem ll.7l a strongly self-absorbing C*-algebra is either purely infinite or 
stably finite with unique tracial state. In the former case, Proposition 15 . II together 
with the Kirchberg-Phillips classification theorem (cf. [3D], Theorem 8.4.1) allows 
us to write down an exhaustive list - at least of those algebras in the UCT class: 

Corollary: Suppose D is a separable purely infinite strongly self-absorbing C* - 
algebra which satisfies the Universal Coefficients Theorem. Then T> is either O2, 
Ooo or a tensor product of Oqo with a UHF algebra of infinite type. 

5.3 In the stably finite case, the situation is less clear and we only have partial 
results. The next proposition says that the problem of classifying stably finite 
strongly self-absorbing C*-algebras falls in two parts. 

Proposition: IfDisa stably finite strongly self-absorbing C* -algebra, then it is 
either projectionless, or contains projections of arbitrarily small trace. 

Proof: Suppose that V contains a non-trivial projection p. Since T) is simple, the 
unique tracial state r on V is faithful, whence < r(p) < 1. For any k G N there 
is an isomorphism between T> and T)® k which takes r to r® k (this obviously is a 
tracial state on D® fc , and it has to be unique). Now if k is chosen large enough, 
T® k (jft k ) — r(p) k becomes arbitrarily small. I 
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5.4 There are not many classification results available for projectionless C*-algebras. 
Currently, the most general such result applicable to our setting is the classifica- 
tion theorem of |2U, which implies that Z is the only projectionless strongly self- 
absorbing example in the class of simple inductive limits of circle algebras with 
dimension drops. We do not have any information for more general classes of in- 
ductive limit algebras in the projectionless case, but if nontrivial projections do 
exist we are in a much better position. As a first step in this direction, we draw 
some conclusions about the structure of a strongly self-absorbing C*-algebra when 
it is an inductive limit of recursive subhomogeneous C*-algebras. 

Recall that a recursive subhomogeneous C* -algebra is given by the following two 
part recursive definition (Definition 1.1 of |29|): 

(1) If X is a compact Hausdorff space, then C(X,M n ) is a recursive subhomo- 
geneous C*-algebra for every n 6 N. 

(2) If A is a recursive subhomogeneous C*-algebra, X is a compact Hausdorff 
space, C X is closed, : A -> C(X {0 \M n ) is any unital homomor- 
phism, and p : C(X,M n ) — » C(X^°\ M n ) is the restriction homorphism, 
then the pullback 

A ©c(x<o) : Af„) C(X, M n ) := {(a, /) e A ® C(X, M n ) | 0(a) - p(f)} 

is a recursive subhomogeneous C*-algebra. 

Given a recursive subhomogeneous C*-algebra A, one can choose a so-called re- 
cursive subhomogeneous decomposition (which is highly nonunique in general). To 
each such decomposition one associates a compact Hausdorff space, say Y, called 
the total space, and its topological dimension dimY". A may then be viewed as 
an algebra of continuous matrix-valued functions on Y. The topological dimension 
function of A is the map d : Y — > Z + which assigns to y £ Y the covering dimension 
of the connected component of Y containing y. We shall only consider recursive 
subhomogeneous C*-algebras which admit a decomposition with finite topological 
dimension. The largest matrix size of a finite-dimensional representation of A is 
called the maximum matrix size of A, while the smallest such matrix size is the 
minimum matrix size. We refer the interested reader to |29| , |28| and |41j for more 
details on recursive subhomogeneous C*-algebras. 

Let (Ai, <pij) be a direct system of recursive subhomogeneous C*-algebras, where 
each Ai is equipped with a choice of total space Xi and topological dimension 
function di. The system is said to have slow dimension growth if for every i, every 
projection p 6 M QO (Ai), and every N € N, there is jo such that for all j > jo and 
x e Xj one has 

4>ij ip){x) — or rank((j>ij(p)(x)) > Ndj(x). 

If we do not allow (f>ij(p)(x) = for p ^ 0, the system is said to have strict slow 
dimension growth. 

We say that an inductive limit A of recursive subhomogeneous C* -algebras has 
slow dimension growth (resp. strict slow dimension growth) if it can be written as 
the limit of a direct system of recursive subhomogeneous C* -algebras with slow 
dimension growth (resp. strict slow dimension growth). 
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5.5 Theorem: Let A, T> be unital inductive limits of recursive subhomogeneous 
C* -algebras. Suppose that T> is strongly self-absorbing, and that A is T> -stable. 
Then, A has slow dimension growth. If in addition, A is simple, then it has strict 
slow dimension growth. Finally, if A and T> are AH algebras, then A has very slow 
dimension growth in the sense of Gong /|12j ). 

Proof: Write A = limj_ >00 (.Ai, 4>i) and T> — lim^oo^,, 7$), where each Aj and T>i 
is a recursive subhomogeneous C*-algebra with total spaces Xj and Yi, respectively. 
Put a; = dim(Xj) and bi — dim(li). Since the class of recursive subhomogeneous 
C*-algebras is closed under taking quotients, we may assume that the 4>i an d Jt are 
injective. Consider the commutative diagram 

^ id.A®idx>®lu _„ idA(8iid ® 2 ®1d 
A®V A ® V® 2 ' A <g> V®°° 



A 2 ( 

0i®7i 

A^ 



V 2 —^-^1 — ^ a 2 



V. 



: 2 



Ai <8 Vf 



id (A 2tS X.®=)®^ 



Label the algebra Aj ® D® 1 with the ordered pair (i,j). Let s((i,j), (k,l)) be the 
path from to (fc, I) obtained by composing the horizontal path from to 
(k,j) with the vertical path from (k,j) to (k, I). For any sequence (i n ,jn) <G N x N 
which is strictly increasing in both variables we have 



lim (Aj 



<(Wn), (Wl)in+l))) = A®£> 6 



.4. 



The A/ n (8> T)®^ 71 are recursive subhomogeneous algebras which admit recursive 
subhomogeneous decompositions with total spaces Xj n x Yj™ and topological di- 
mension aj n + i n bj n , cf. also Proposition 3.4 of |29|. Let j n = n, and let (e n ) be a 
sequence of positive tolerances converging to zero. Set 

s n := s((i n ,n),(i n+1 ,n+ 1)), 

and assume that for k < n, ik has been chosen with the following property: if 
p £ Ak-i ® T^k-i^ i s a projection, then 



rank(s /£ _i(p)(x)) > — (a fc + i fe 6 fc ) 

for every x in the total space of Aj~ <g> T>® lk such that Sk-\{p){x) ^ 0. We prove 
that i n can be chosen in a like manner. 

Lemma 1.8 of |28| states that if B = lim^oo r)i) is a simple, unital, and 
infinite-dimensional inductive limit of recursive subhomogeneous C*-algebras with 
injective and unital connecting morphisms (in particular, we could take B = T>), 
then for any projection p £ Bi and N £ N there exists jo such that for every j > jo 
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one has 

rank(riij(p))(x) > N 

for every x in the total space of Bj. In particular, the rank of the may be 
assumed to be greater than two for every i 6 ff. 

Choose i n to satisfy 

2 (in-i„-i) i 

T~T~ > ~ ' 

and let p G A n -i ® 2?®l"f 1 be a projection. Then, s n -i(p) may be viewed as an 
elementary tensor q <g> l^ 1 " %n ~ 1 > where <? S A„ ® I?® 4 " -1 is a projection. Since 

rank(l^"~ 1 "' 1 ) > — (<z„ + i„6„) 

at every point in the total space of (which we can choose to be homeo- 

morphic to (Y^) 1 ™ -1 ™- 1 — cf. Proposition 3.4 of [22])) the same is true of 

rank(g® l^"- 1 - 1 ) 

over each point in the total space of A n <g) V® %n , as required. Thus, A has slow 
dimension growth. 

If A is simple, then one may apply Lemma 1.8 of [2H| to conclude that the pro- 
jection p above may be chosen to have non-zero rank over every point in the total 
space of A n _i <£> j)® 1 ^ 1 , The rank estimates above then apply over every point in 
the total space of A n ® V® ln , and A has strict slow dimension growth. 

Finally, suppose that A and V are AH algebras. It follows from ^Uj that we may 
assume the connecting morphisms in the inductive sequences for A and D to be 
unital and injective, whence the closure of the class of homogeneous C*-algebras 
under tensor products allows us to repeat the above proof inside the class of AH 
algebras. It follows that A has very slow dimension growth in the sense of (T2|. | 

5.6 The principal theorems of 28 now yield: 
COROLLARY: Let A and T> be as in Theorem \5.5\ Then, 

(i) The map U(A)/U(A) Q — > KiA is an isomorphism; 

(ii) if A is simple, then K A is weakly unperforated; 

(iii) if A is simple, then the projections in (T>) satisfy cancellation; 

(iv) if A is simple, then it satisfies Blackadar's second fundamental comparabil- 
ity property. 

5.7 In |1U| it is shown that simple unital AH algebras with very slow dimension 
growth are classified by their Elliott invariants; it is also known that such algebras 
contain nontrivial projections. This leads us to the following corollary of 15.11 15.31 
and 15. 51 

Corollary: The strongly self-absorbing AH C* -algebras are classified by the 
Elliott invariant; they are precisely the UHF algebras of infinite type. 

5.8 Recall that a simple unital C*-algebra A is approximately divisible if it admits 
an approximately central sequence of unital *-homomorphisms of M^@M^ into A. It 
is weakly divisible, if for each projection p in A there is a unital *-homomorphism of 
Mi © M3 into pAp. An approximately divisible C*-algebra has real rank zero if and 
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only if projections in A separate traces; it satisfies Blackadar's second fundamental 
comparability property (cf. and the references therein) and it is ^-stable by 
|37| . If A has real rank zero, it is weakly divisible by The next observation 
says that all these properties coincide for strongly self-absorbing C*-algebras with 
projections and, in the purely infinite case, are automatically fulfilled. 

Proposition: Consider the following conditions for a strongly self-absorbing C* - 
algebra D: 

(i) T> contains a nontrivial projection and satisfies Blackadar's second funda- 
mental comparability property. 

(ii) T> is weakly divisible. 

(iii) T> is approximately divisible. 

(iv) T> has real rank zero. 

(v) T> is Z-stable and contains a nontrivial projection. 

These conditions are all equivalent; they are satisfied if T> is purely infinite. 
Proof: First, assume T> to be stably finite. 

(i) =>- (ii): Let p S V be a projection. Identifying T> with X)®°° ; p is close, 
hence Murray-von Neumann equivalent, to a projection of the form q <g> lp^oo 
for some k £ N and a projection q £ U® k . But then pT>p is isomorphic to 
(q <g> l v ^){V® k <g V®°°){q ® l v »oa) = (qV® k q) ® X>®°°, whence pVp is D-stable. 
Therefore, it suffices to map M 2 © M 3 unitally to V. Since V contains projections 
arbitrarily small in trace, using comparison one finds a projection q £ T> such that 
1/3 < r(q) < 1/2 (by adding up sufficiently many projections which are all equiva- 
lent, pairwise orthogonal and small in trace). Again by comparison, q is equivalent 
to a subprojection of lp — q; this defines a (nonunital) embedding a : Mi — > T> with 
a(en) = q. Set q' := \x> — a(lA/ 2 ), then r(q') < 1/3 < r(q) and (using comparison 
oncemore) there is another embedding (3 : Mi — > T>, this time with /3(en) = q' and 
/3(en) < q. But now it is straightforward to check that the C*-subalgebra of V 
generated by a(M 2 ) and /3(M 2 ) is in fact isomorphic to M 2 © M 3 . 

(ii) => (iii): Map Mi®M^ unitally to V and take an approximately central sequence 
of unital embeddings of T> into itself; the compositions will yield an approximately 
central sequence of unital *-homomorphisms from Mi M3 to T>. 

(iii) (iv): An approximately divisible C* -algebra has real rank zero if and only if 
projections separate tracial states - which is always true in the unique trace case. 

(iv) (ii) was shown in |2fi| . 

(iii) (v): A unital approximately divisible C*-algebra clearly contains a non- 
trivial projection. Z-stability essentially follows from Theorem 12.21 and the special 
inductive limit structure of Z; a complete proof can be found in |37j. 

(v) => (i) follows from |16|. 

If T> is purely infinite, it has real rank zero, so (iv) holds. Condition (i) is trivially 
true, since T> admits no tracial states. The proofs of the implications (iv) (ii) => 
(iii) (v) apply verbatim. 

We wish to point out that implications (iv) => (iii) and (iv) (v) can also be 
deduced from Corollary 2.4. I 

5.9 The above proposition has a very satisfying corollary via recent work of N. 
Brown (Q]). 
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Corollary: Let T> be a strongly self-absorbing C* -algebra satisfying one of the 
conditions of the preceding proposition. Suppose further that T> is an inductive limit 
of type I C* -algebras. Then, V is a UHF algebra of infinite type. 

Proof: Since T> is strongly self-absorbing, it is unital, simple, and nuclear. The 
hypothesis that V is an inductive limit of type I C*-algebras implies that T> satisfies 
the UCT, and that its unique trace satisfies Definition 6.1 of [J. The approximate 
divisibility of T> implies that T> has stable rank one and weakly unperforated K- 
theory. Since T> has real rank zero and has weakly unperforated Ko-group, we may 
apply Corollary 7.9 of p^, which implies that T> is tracially AF. Since T> contains 
nontrivial projections, its Ko-group must be that of a UHF algebra of infinite type 
by Propositions 15. II and 15.31 Lin's classification theorem for tracially AF algebras 
now implies that T> is UHF of infinite type. I 

5.10 We note a variation of the above to point out a slightly different point of view. 

Corollary: Let T> be a strongly self-absorbing inductive limit of recursive subho- 
mogeneous algebras. Then, T> is either projectionless or a UHF algebra of infinite 



Proof: Since T> has strict slow dimension growth by Theorem 15.51 it satisfies 
Blackadar's second fundamental comparability property by |28j . Now if T> contains 
a nontrivial projection, then condition (i) of Proposition 15. 81 holds and V is UHF 



5.11 In view of the preceding discussion, it seems natural to ask the following 

Question: Are there any other stably finite strongly self-absorbing C*-algebras 
than Z and the UHF algebras of infinite type? Are these, at least, the only examples 
which are limits of (recursive) subhomogeneous algebras? 

5.12 To solve the above question, the following observation might be useful. It says 
that the problem of classifying strongly self-absorbing C*-algebras is reduced to 
the problem of determining when one such algebra can be embedded unitally in 
another. 

Proposition: Let V, £, be strongly self-absorbing C* -algebras, and suppose that 
there exist unital embeddings L-p '■ T> — > £ and ig : £ — > T>. Then, T> and £ are 
isomorphic. 

Proof: By Proposition ll.lOl i-p gives rise to an approximately central sequence 
of unital embeddings of V into £, whence £ is D-stable by Theorem 12. 21 Similarly, 



5.13 We close with some remarks on topological covering dimension of Instable 
C*-algebras. Recall from [22J and 02], that the known examples of strongly self- 
absorbing C*-algebras have topological dimension (i.e., decomposition rank or di- 
mension as an AH or ASH algebra, respectively) 0, 1 or infinity. 
If A is a simple AH algebra with slow dimension growth in the AH sense, then 
A® Z, which is a 2-stable ASH algebra a priori, obviously has slow dimension 
growth in the ASH sense. However, in the case where A® Z has real rank zero, it 
will follow from results in 03| an d that A ® Z is isomorphic to A (hence is AH) 
and, in fact, has bounded topological dimension. It is tempting to ask whether a 
similar reasoning (which might involve some type of reduction step as, for example, 
in 4 ) works in a more general setting. This is interesting for strongly self-absorbing 



type. 



of infinite type by Corollary 15. 91 



I 



V®£ = V. 
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C*-algebras as well as for D-stable C*-algebras. In view of the classification results 
of 02] > |33j and 01] it seems also natural to rephrase the question in terms of the 
decomposition rank (cf. [22] and 01]): 

Question: Does every separable, strongly self-absorbing limit T> of recursive 
subhomogeneous algebras have bounded topological dimension or, at least, finite 
decomposition rank? Does the respective statement hold for D-stable simple limits 
of recursive subhomogeneous algebras? 



References 

[1] Brown, N.: Invariant means and finite representation theory of C* -algebras, preprint 

|math.OA/0304009| /l (2003) 
[2] Cuntz, J.: Simple C* -algebras generated by isometries, Comm. Math. Phys. 57 (1977), 
173-185 

[3] Cuntz, J.: K-theory for certain C* -algebras, Ann. Math. 113 (1981), 181-197 

[4] Dadarlat, M.: Reduction to dimension three of of local spectra of real rank zero C -algebras, 

J. Reine Angew. Math. 460 (1995), 189-212 
[5] Effros, E. G. and Rosenberg, J.: C* -algebras with approximately inner flip, Pac. J. Math. 

77 (1978), 417-443 

[6] Elliott, G. A.: On the classification of inductive limits of sequences of semi-simple finite- 
dimensional algebras, J. Algebra 38 (1976), 29-44 

[7] Elliott, G. A.: The classification problem for amenable C* -algebras, Proc. ICM '94, Zurich, 
Switzerland, Birkhauser Verlag, Basel, Switzerland, 922-932 

[8] Elliott, G. A.: On the classification of C* -algebras of real rank zero, J. Reine Angew. Math. 
443 (1993), 179-219 

[9] Elliott, G. A., Gong, G. and Li, L.: Approximate divisibility of simple inductive limit C* - 

algebras, Contemp. Math. 228 (1998), 87-97 
[10] Elliott, G. A., Gong, G. and Li, L.: On the classification of simple inductive limit C*- 

algebras, II: The isomorphism theorem, preprint 
[11] Elliott, G. A. and R0rdam, M.: Perturbation of Hausdorff moment sequences, and an 

application to the theory of C* -algebras of real rank zero, preprint math.OA/0502239 /l 

(2005) 

[12] Gong, G.: On the classification of simple inductive limit C* -algebras. I. The reduction 

theorem., Doc. Math. 7 (2002), 255-461 
[13] Gong, G., Jiang, X. and Su, H.: Obstructions to Z-stability for unital simple C -algebras, 

Canad. Math. Bull. 43 (2000), 418-426 
[14] Hirshberg, I. and Winter, W.: Rokhlin actions and self-absorbing C* -algebras, preprint 

(2005) 

[15] Ivanescu, C: On the classification of simple approximately subhomogeneous C* -algebras 

not necessarily of real rank zero, preprint math. OA/0312044 i2 (2003) 
[16] Jiang, X.: Nonstable K-theory for Z-stable C* -algebras, preprint math. OA/9707228 (1997) 
[17] Jiang, X. and Su, H.: On a simple unital projectionless C* -algebra, Amer. J. Math. 121 
(1999), 359-413 

[18] Jiang, X. and Su, H.: A classification of simple limits of splitting interval algebras, J. Funct. 

Anal. 151 (1997), 50-76 
[19] Kirchberg, E.: The classification of purely infinite C* -algebras using Kasparov's theory, 

Fields Institute Comm., to appear 
[20] Kirchberg, E.: Permanence properties of strongly purely infinite C -algebras, preprint 

(2004) 

[21] Kirchberg, E. and Phillips, N. C: Embedding of exact C* -algebras into O2, J. Reine Angew. 

Math. 525 (2000), 17-53 
[22] Kirchberg, E. and Winter, W.: Covering dimension and quasidiagonality, Intern. J. Math. 

15 (2004), 63-85 

[23] Lin, H.: Classification of simple tracially AF C* -algebras, Canad. J. Math. 53 (2001), 
161-194 



STRONGLY SELF-ABSORBING C*-ALGEBRAS 



31 



Mygind, J .-.Classification of certain simple C* -algebras with torsion in Ki, Canad. J. Math., 
53 (2001), 1223-1308 

Pcdcrscn, G. K.: C*-algebras and their Automorphism Groups, Academic Press, London 
1979 

Perera, F. and R0rdam, M.: AF-embeddings into C* -algebras with real rank zero, J. Funct. 
Anal. 217 (2004), 142-170 

Phillips, N. C: A classification theorem for nuclear purely infinte simple C* -algebras, Doc. 
Math. 5 (2000), 49-114 

Phillips, N. C: Cancellation and stable rank for direct limits of recursive subhomogeneous 
algebras, preprint |math.OA /0101 157 /1 (2001) 

Phillips, N. C: Recursive subhomogeneous algebras, Trans. Amer. Math. Soc, to appear 
R0rdam, M.: Classification of Nuclear C*-Algebras, Encyclopaedia of Mathematical Sci- 
ences 126, Springer- Verlag, Berlin, Heidelberg 2002 

R0rdam, M.: A simple C -algebra with a finite and an infinite projection, Acta Math. 191 

(2003) , 109-142 

R0rdam, M.: The stable and the real rank of Z-absorbing C* -algebras, Int. J. Math. 15 

(2004) , 1065-1084 

Stevens, I.: Simple approximate circle algebras, Fields Inst. Comm. 20 (1998), 97-104 
Takesaki, M.: Theory of Operator Algebras I, Springer- Verlag, Berlin, Heidelberg 1979 
Thomson, K.: Limits of certain subhomogeneous C* -algebras, Mem. Soc. Math. Fr. 71, 
(1997) 

Toms, A. S.: On the independence of K- theory and stable rank for simple C* -algebras, J. 

Reine Angew. Math. 578 (2005) 185-199 

Toms, A. S. and Winter, W.: Z-stable ASH algebras, preprint math.OA/0508218 (2005) 
Villadsen, J.: Simple C* -algebras with perforation, J. Funct. Anal. 154 (1998), 110-116 
Villadsen, J.: On the stable rank of simple C* -algebras, J. Amer. Math. Soc. 12 (1999), 
1091-1102 

Winter, W.: Covering dimension for nuclear C* -algebras, J. Funct. Anal. 199 (2003), 535- 
556 

Winter, W.: Decomposition rank of subhomogeneous C* -algebras, Proc. London Math. Soc. 
89 (2004), 427-556 

Winter, W.: On topologically finite- dimensional simple C* -algebras, Math. Ann. 332 (2005), 
843-878 

Winter, W.: On the classification of simple Z-stable C* -algebras with real rank zero and 
finite decomposition rank, preprint math. OA/0502181 (2005), to appear in J. London Math. 
Soc. 

Winter, W.: Simple C* -algebras with locally finite decomposition rank, in preparation 

Department of Mathematics and Statistics, University of New Brunswick, Frederic- 
ton, New Brunswick, E3B 5A3 

E-mail address: atoms@math.unb.ca 



Mathematisches Institut der Universitat Munster, Einsteinstr. 62, D-48149 Munster 
E-mail address: wwinterOmath.unl-muenster.de 



